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Abstract

There are many situations in life in which two people must find a way to fairly divide a set of goods, such as divorce or inheritance.  I examine the case in which the goods are divisible and no additional money is involved.  In particular, I look at the degree to which players can benefit by approaching the situation as a strategic game rather than simply giving their honest valuations of the items involved, and the vulnerability of a number of fair division methods to such strategic manipulation

The Situation


Let us consider a simple situation in which a fair division method might be needed.  Two players, call them Alice and Bob, have two items to divide between them, a chocolate cake and a vanilla cake.  These cakes are entirely homogenous and easily divisible.  In addition, neither player would like to spend any money.  We will go over four different methods Alice and Bob could use to divide the cakes, but first there is a step required in all three methods: we need to know the preferences of Alice and Bob.  Consider the following table: 

	Preferences
	Chocolate
	Vanilla

	Alice
	58
	42

	Bob
	18
	82


Each player has divided 100 points between the two items.  What this means is that Alice thinks the chocolate cake is worth 58% of the whole, while Bob thinks it is worth only 18% of the whole.  So Alice prefers chocolate cake to vanilla cake, but only by a small amount.  Bob, on the other hand, prefers vanilla cake by a lot.  Since the cakes are homogenous, we know that Bob values ½ of the chocolate cake at 18 * ½ = 9 points. 

A Simple Solution


One fairly obvious solution would be to give each player half of each cake.  So Alice would get 29+21=50 points, and Bob would get 9+41=50 points.  In this allocation, each player will always get exactly 50 points.  Since each player always gets the same number of points, we say this method is equitable.  In addition, neither player would rather trade their portion for that of the other player (their portions are identical), so we say this method is envy-free.  A third property, efficiency, is not satisfied because at least one of the players could do better without the other doing worse (as we shall see).  In fact, this is a pretty poor division of the cake, but it is mentioned more to note that whatever method is used, it should certainly be at least this good (each player should get at least 50 points).

Proportional allocation 


A slightly more complicated method is to allocate each item in proportion to the players’ values for the item (Brams and Taylor, pp 75-78).  For an item, we take the sum of Alice’s value and Bob’s value.  Each player then receives a portion of the item equal to that player’s value of the item divided by this sum.  So in our example, for the chocolate cake, the sum of the players’ values is 58+18=76.  So each Alice gets 58/76 of the chocolate cake and Bob gets the remaining 18/76.  Similarly, Alice gets 42/124 of the vanilla cake and Bob gets 82/124.  This gives Alice 58/76 chocolate cake (about 44.3 points) and 42/124 vanilla cake (about 14.2 points), or 58.5 points total.  Bob has 18/76 chocolate cake (about 4.3 points) and 82/124 vanilla cake (about 54.2 points), 58.5 points total.  Once again this method is equitable, as the players receive the same number of points.  It is also envy-free, as each player thinks the other got a smaller portion than they got themselves.  This method is better then the previous one, because receives 58.5 points rather than only 50 points, but it is still not efficient (as we shall see).  Note that if the players share the same values, the proportional allocation will be identical to the simple solution above.  Also- note thatin this method, we must divide up each individual item.   

Adjusted Winner


Now Brams and Taylor have proposed a slightly more complicated method (68-75).  We start by giving each item to the player who values it most.  This means we will give Alice the chocolate cake (58>18) and Bob the vanilla cake (82>42).  At this point Alice has 58 points and Bob has 82 points.  We want Alice and Bob to have the same number of points (equitable), so we will have Bob give some of his cake to Alice.  If he gives Alice 6/31 of the vanilla cake, she now has the whole chocolate cake (58 points) + 6/31 vanilla cake (8 points) = 66 points, while Bob has 25/31 vanilla cake = 66 points. Since they have the same number of points, we are done.  Clearly, this method is equitable.  It is also envy-free because Alice values Bob’s piece at (25/31) * 42 = about 34 points, which is less than the 66 points Alice thinks her piece is worth. Similarly, Bob thinks Alice’s pieces are worth 18 +(6/31) * 82 = about 33.9 points, which is less than his own 66 points.  It turns out this method is also efficient (for more than two items, the method is slightly more complicated: the items are ordered by the ratio of Alice’s value to Bob’s value, and more than one item may need to be transferred.  This ordering ensures efficiency (Theorem 4.1, Brams and Taylor).  Another advantage of this method is that for any number of items, we never need to divide up more than one of those items.

Nash Bargaining Solution


John Nash (Nash, 1950) suggested the following method.  We begin by ordering the items by the ratio of Alice’s value to Bob’s value, so that our first item is the chocolate cake.  We then graph each player’s value of each item as done below.
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At the point at the top of the graph, Bob has both cakes; he thinks he has 100 points, while Alice thinks she has 0 points.  Moving down along the line, we are transferring some of the first item (chocolate cake) from Bob to Alice.  Eventually, all of the chocolate cake has been transferred and we must move on to the vanilla cake.  At this point, where Alice has all of the chocolate cake and Bob still has all of the vanilla cake, Alice has 58 points and Bob has 82.  Because of how the items were ordered, all of the points on this line are efficient allocations.  Now we add another line, forming a triangle with the two axis: 
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If this red line were the possible efficient allocations, it would make sense for the solution to be in the middle, halfway up each axis.  This is the point on our original graph where Alice gets the whole chocolate cake and Bob gets the whole vanilla cake.  Since this point is a possible allocation, it doesn’t matter that the rest of the line is not.  It turns out there is always only a single triangle like this with its center on the original graph.  So in our example, Alice gets the chocolate cake = 58 points and Bob gets the vanilla cake = 82 points.  Notice that this method is not equitable.  It is, however, efficient and envy-free because of how we constructed our graph.  One advantage of this method is that, as in this example, we often do not need to divide up any of the individual items.   

Truth-Telling


Thus far we have made the assumption that all players would truthfully declare their values for the items, but what if this is not the case?  We now have the same situation as above, but Alice will change her answers to see if she can do better for herself.

Adjusted Winner



If Alice declares her values for the chocolate and vanilla cakes to be 20 and 80, respectively, Alice still gets the whole chocolate cake, plus 31/81 of the vanilla cake, which she values altogether at 58 + (31/81) * 42 = 74.1 points.  This is because by her declared values she gets 20 + (31/81) * 80 = about 50.6 points, which is equal to Bob’s (50/81) * 82 = about 50.6 points.  If we compare this to what would have happened if she had told the truth, we see that Alice now gets twice as much of the vanilla cake as she got before, bringing her points up to 74.  Now Bob only gets 51 points.  In Adjusted Winner, if Alice lies and gives values very close to Bob’s, the procedure starts the same, giving Alice the chocolate cake and Bob the vanilla cake, but now more of the vanilla cake must be transferred in order to equalize the points each player receives according to the given values.     

Nash Bargaining



Once again, if Alice declares her values for the chocolate and vanilla cakes to be 20 and 80, respectively, she does much better.  She gets the whole chocolate cake plus 3/8 of the vanilla cake.  Recall that when she told the truth Alice got only the chocolate cake.  So she gains (3/8) * 42 = about 16 points by lying.  Note that while the lie and payoffs are the same as they were in Adjusted Winner, the gains from lying are greater because when Alice told the truth she got less in Nash Bargaining (58) than she got in Adjusted Winner (66).  

Proportional Allocation



If Alice declares her values to be close to Bobs, as in the previous two methods, she gets only 50 points (both items are about equally split between the two players).  This is worse than the 58 points she got by telling the truth.  A better lie for Alice would be to declare 53 and 47 as her values.  But even then she only gains less than 1 point over what she got when she told the truth.  Clearly in Proportional Allocation Alice has much less incentive to lie.


The graph below shows Alice’s payoffs if she tells the truth for various values of the vanilla cake, which Bob values at 82.  Proportional allocation is in green, Adjusted Winner in red, Nash Bargaining in blue.
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A few things to note: in all methods, if the players have the same values (in the graph, when Alice values the vanilla cake at 82 points), both players get exactly 50 points.  Also, because Proportional Allocation is not efficient, Alice and Bob will both always do at least as good with Adjusted Winner and also usually with Nash Bargaining, except in the region where Alice gets about 50 points and Bob gets a much higher number of points (where the blue graph is horizontal).

In this graph we return to our original example and see the payoff possibilities for Alice if she lies (green=PA, red=AW, blue=NB).
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Things to note: As was discussed earlier, we see that in Adjusted Winner and Nash Bargaining Alice wants to declare values very close to Bob’s, while in Proportional Allocation her best lie is not much different from telling the truth.

The graphs below show Bob’s value of one of the items on the y-axis (the item he prefers), Alice’s value of the same item on the x-axis, and the maximum gains Alice can make by lying on the z-axis.  These graphs are obtained by looking at different possibilities for Bob’s values along the z axis in the graphs above, and the subtracting the payoffs for telling the truth from the payoffs for lying.  
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In Adjusted winner, Alice can gain the most when she values one of the items much more than the other, and Bob values them about equally.  In Nash Bargaining Alice can gain the most when the opposite is true, when she values the items about equally and Bob values one much more than the other.  In Proportional Allocation Alice gains the most when wither is true, but the important thing to note is that while the peaks in Adjusted Winner and Nash Bargaining are about the same, the peaks in Proportional Allocation are much smaller.  In addition, other than the regions very close to the peaks, Alice’s gains are very small.  

Clearly, the best method to use in any given situation various.  Proportional Allocation is quite resistant to lying, but is inefficient.  Nash Bargaining and Adjusted Winner are both efficient, but vulnerable to lying for different sets of values.  
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